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The quaternion was introduced by William Hamilton (of Hamiltonian

fame) in 1843 as a generalization of complex numbers. A complex number
z = x+ iy consists of two parts: the real part x and the imaginary part iy,
where both x and y are real numbers. A quaternion consists of four parts
and can be written

q = a+ bi+ cj+dk (1)
where a,b,c,d are real numbers and the quantities i, j,k are defined by the
properties

i2 = j2 = k2 = ijk =−1 (2)
The quantities 1, i, j,k are the basic quaternions. It’s best to think of i, j,k as
new entities that are just defined by these conditions, in much the same way
as the i in a complex number is defined as a new entity with the property
that i2 =−1.

From 2 we can work out the multiplication table for i, j,k. Left-multiply
the last equality by i and we have

i2jk =−i (3)
which becomes

−jk =−i (4)
jk = i (5)

Now left-multiply this by j to get

j2k =−k = ji (6)
Right-multiply by i to get

ji2 =−j =−ki (7)
ki= j (8)
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q1

q2 1 i j k

1 1 i j k
i i −1 k −j
j j −k −1 i
k k j −i −1

TABLE 1. Multiplication table for basic quaternions.

q1

q2 1 i j k −1 −i −j −k

1 1 i j k −1 −i −j −k
i i −1 k −j −i 1 −k j
j j −k −1 i −j k 1 −i
k k j −i −1 −k −j i 1
−1 −1 −i −j −k 1 i j k
−i −i 1 −k j i −1 k −j
−j −j k 1 −i j −k −1 i
−k −k −j i 1 k j −i −1

TABLE 2. Multiplication table for the quaternion group.

Now left-multiply this by k to get

k2i=−i= kj (9)
Comparing this with 5, we see that jk=−kj, so that multiplication is not

commutative. We can continue in a similar way to get the full multiplication
table for q1q2 (Table 1).

From Table 1, we see that the basic quaternions 1, i, j,k do not on their
own constitute a group, since the elements i, j,k do not have an inverse
within the set 1, i, j,k. To make up a quaternion group, we need to add the
negatives of each of the basic quaternions, giving us Table 2.

We see that each row or column in the table contains all 8 elements in
the group, and each element now has an inverse. The associative property
can also be verified, since (q1q2)q3 and q1 (q2q3) both multiply the same
elements in the same order, so they give the same result.

Note that it is only the 3 basic elements i, j,k that don’t commute; every-
thing in a quaternion commutes with real numbers.
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